Coradical splittings and a generalization of Kostant's theorem  by Molnar, Richard K.
Journal of Pure and Applied Algebra 68 (1990) 349-357 
North-Holland 
349 
CORADICAL SPLITTINGS AND A GENERALIZATION 
OF KOSTANT’S THEOREM 
Richard K. MOLNAR 
Department of Mathematics and Computer Science, Macalester College, St. Paul, MN55105, 
USA 
Communicated by M. Barr 
Received 30 June 1986 
Revised 10 January 1990 
Several questions are addressed concerning the way the coradical of a Hopf algebra sits inside 
the Hopf algebra. It is proved that for a Hopf algebra H with cocommutative coradical Ho, Ho 
is a sub Hopf algebra if and only if Ho is coseparable as a coalgebra. Using this result, a generali- 
zation of Kostant’s theorem on the structure of cocommutative Hopf algebras is proved: a 
cocommutative Hopf algebra Hover any field k is Hopf algebra isomorphic to the smash product 
H’ #Ho if and only if Ho is a sub Hopf algebra. We also prove that for an exact sequence (*) 
k--t K + H + L + k of Hopf algebras over the field k, H is cosemisimple if and only if K and L 
are cosemisimple. Under suitable conditions on the sequence (*), HO is a sub Hopf algebra if and 
only if Ko and LO are sub Hopf algebras. 
1. Introduction 
In this paper we address several questions related to the structure of the coradical 
of a Hopf algebra and how the coradical sits inside the Hopf algebra. We also con- 
sider relationships between Hopf algebras that influence the size and structure of 
the coradical. The coradical of a coalgebra, the largest semisimple subcoalgebra, 
represents the semisimple comodule theory of the coalgebra in a fashion dual to the 
way the Jacobson radical represents the semisimple representation theory for finite 
dimensional algebras. We consider whether the coradical Ho of a Hopf algebra H 
is a sub Hopf algebra, and if so whether the Hopf algebra splits into a semi direct 
product H = Ho # H, where H, has trivial coradical. Here we generalize Kostant’s 
theorem on the structure of cocommutative Hopf algebras to arbitrary fields. 
Recently Radford [7] has analyzed biproducts of Hopf algebras and shown that a 
biproduct H= Kx L is cosemisimple if and only if the pieces K, L are cosemisimple. 
We establish a similar result, where H is the center term of an exact sequence 
k 4 K -+ H + L + k of Hopf algebras in the sense of [4]. Some eariler results along 
these lines are contained in [5] and [6]. 
Throughout we freely use the notations and standard theory of coalgebras and 
Hopf algebras to be found in [9]. We also rely on the theory of exact sequences and 
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splittings found in [4]. All spaces, mappings, and tensor products are assumed to 
be defined over the ground field k unless otherwise specified. 
2. Coradical properties 
We recall that the coradical CO of a coalgebra C is the sum of the simple sub- 
coalgebras of C. Equivalently, Cc is the smallest subcoalgebra of C which cogener- 
ates C [2,2.1.4(b)]. We say C is cosemisimple if Cc = C. 
Definition. Let C be a coalgebra over the field k. We say C is coseparable (or, 
separable as a coalgebra) if Kak C is cosemisimple for all extension fields K of k. 
The following facts are well known or easily proved. 
(1) If C is coseparable then C is cosemisimple. Moreover, if k is perfect then C 
is coseparable if and only if C is cosemisimple. 
(2) If C is finite dimensional, then C is cosemisimple (resp. coseparable) if and 
only if the dual algebra C* is semisimple (resp. separable). In particular, a simple 
(hence finite dimensional) cocommutative coalgebra C is coseparable if and only if 
C* is a separable field extension of k. 
(3) If C and D are coseparable, then so is C@D. 
(4) For any coalgebra C over k and any extension field K of k, (KOk C), G 
K@Jk CO (since KOk CO cogenerates KOk C). Hence if C has coseparable coradical, 
then K Ok CO = (KOk C), for all extension fields K of k. 
(5) For any two coalgebras C, 0, (C@D)O c C, @ De (because C, @De cogener- 
ates COD) and if either of C of D has coseparable coradical, then (C@D),= 
(COODO). 
(6) For a Hopf algebra H, the following are equivalent [lo, Theorem 3.21: 
(a) H is cosemisimple. 
(b) There exists a subcoalgebra C of H which is supplementary to the scalar 
subfield k (i.e., H= C@ k as coalgebras). 
(c) There exists a (right) integral il in H* (i.e., /1. II*= (h*, 1,)/1 for all 
~*EH*) with U,l,)#O. 
R. Larson has observed that the condition in (a) above is invariant under extension 
of scalars, and thus a Hopf algebra H is cosemisimple if and only if it is coseparable. 
(7) If f: C+ D is a surjective coalgebra map then f(Co) a Do. If, in addition, Co 
is cocommutative, then f(C,) =Do [2,2.3.9]. 
(8) If H is a Hopf algebra with antipode S and S is injective, then S(H,) G Ho. 
(For, given any simple subcoalgebra C of H, by the injectivity of S, S(C) is anti- 
isomorphic to C as a coalgebra, hence contained in Ho.) 
Lemma 2.1. Let H be a Hopf algebra over a field k, and suppose that Ho is 
coseparable and cocommutative. Then Ho is a sub Hopf algebra of H. In particu- 
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lar, the coradical of a cocommutative Hopf algebra over a perfect field is a sub 
Hopf algebra. 
Proof. Since Ho is coseparable, we have (H@H),= Ho@ Ho by (5) above. But 
Ho @ Ho is cocommutative since H, is, and the multiplication map m : H@ H+ H 
is a coalgebra map, so by fact (7) above, m(H,@ Ho) = H, and thus Ho is a sub- 
algebra of H. Further, since H, is cocommutative, the antipode S of H, restricted 
to H,, is a coalgebra map so by (7) above, S(H,) is contained in the coradical of 
its image, hence contained in H,. 0 
Note that by fact (7), whenever the antipode of a Hopf algebra H is injective (in 
particular if H is commutative or cocommutative) Ho is a sub Hopf algebra if and 
only if it is a subalgebra. 
Theorem 2.2. Let H be a Hopf algebra with cocommutative coradical over any field 
k. The following are equivalent: 
(a) H, is coseparable. 
(b) H, is a subalgebra of H. 
(c) H, is a sub Hopf algebra of H. 
Proof. From the lemma and its proof it is clear that (1) implies (2), and (2) and (3) 
are equivalent. (1) follows from (3) by Sweedler’s result cited above. 0 
Example 2.3. Let k be a non-perfect field of characteristic p#O, and t E k with 
t 1’p $ k. Let H= k[X, Y] /I where Z is the ideal generated by { YP - Y Xp - t Y} . H 
has dimension p2 over k and has a Hopf algebra structure with X and Y primitive. 
(In fact, H= U,(g), the restricted universal enveloping algebra of the abelian 
restricted Lie algebra g over k with basis {X, Y} and pth power map Xlpl = tY, 
YLpl = Y; for a concrete realization of g, in the p by p matrices, take Y=Z and X 
with t in the lower left hand corner and l’s on the superdiagonal.) Let m be the ideal 
of H generated by the residue class of Y- 1. Then H/m=k[X, Y]/(Y-l,XP- t)z 
k[X] /(XP - t) E k[t “p]. As this latter algebra is an inseparable field extension of 
k, m is a maximal ideal of Hand the quotient is not separable. Note that it follows 
that the Jacobson radical (which we denote by J(H)) of H is not a Hopf ideal, as 
if it were, the quotient H/J(H) would be a finite dimensional semisimple Hopf 
algebra, hence separable. Note also that J(H) equals the nilradical of H, so here 
the nilradical of H is not a Hopf ideal. By the standard Hopf algebra duality, H*, 
the dual Hopf algebra, is cocommutative with non-coseparable coradical. 
3. A generalization of Kostant’s theorem 
Recall that if H is a cocommutative Hopf algebra over a field k then H is the 
direct sum of its irreducible components (i.e., maximal irreducible subcoalgebras) 
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and H’ (the irreducible component containing the multiplicative identity lH) is a 
normal sub Hopf alprbra in the sense of [4]. 
Lemma 3.1. If H is a cocommutative Hopf algebra over a field k and K is any 
extension field of k then K Ok H’ is the irreducible component of K Ok H con- 
taining 1. 
Proof. We first claim that in any coalgebra C, if D is an irreducible subcoalgebra 
for which there is a coalgebra supplement (i.e., a subcoalgebra D’ of C such that 
C =D@ D’) then D is an irreducible component of C. For, if E is any subcoalgebra 
of C which contains D, then E =D@ (D’n E). So if E is irreducible and contains 
D we must have D' fl E = (0) and thus E = D, and so D is maximal irreducible. 
Let H= H’ @D where D is the sum of the irreducible components of H different 
from H’. Then K@,H=(K@,H’)@(K@,D) and since K@,H’ is irreducible 
[3,3.2.3] it is an irreducible component by the above. 0 
Lemma 3.2. Let f: G + H be a Hopf algebra map. If the pair (L, 7~) is the Hopf 
algebra cokernel off in the sense of [4], then the extension (KO L, Z@ rc) is the 
cokernel of the induced map K $3 f : K @ G -+ K @ Hfor any field extension K of k. 
Proof. Recall from [4] that L = H/Z(f(G)) with n the canonical projection, where 
Z(f(G)) = the smallest Hopf ideal of H containing f(G)‘. Thus it suffices to show 
that Z(K@ G) =K@Z(G) for any sub Hopf algebra G of H. But (Kg G)+ = 
K@G+ and so Z(K@G)=(K@H).(K@G)+.(K@H)=K@(H.G+.H)= 
K@Z(G). 0 
Kostant’s theorem [9, Theorem 8.1.51 states that a cocommutative Hopf algebra 
Hover an algebraically closed field K is isomorphic as a Hopf algebra to the smash 
product H’ #K[G] where G is the set of grouplike elements of H. The following 
theorem is a generalization of Kostant’s theorem to arbitrary fields. The theorem 
says that the Hopf algebra decomposition occurs if and only if it makes sense (i.e., 
Ho is a Hopf algebra); the proof pushes the proof of Kostant’s theorem down to 
the base field of interest. 
Theorem 3.3. Let H be a cocommutative Hopf algebra over any field k. Zf H0 is 
a Hopf subalgebra of H, then the inclusion j: H,-+ H splits as a map of Hopf 
algebras, and Hz H’ #H, as Hopf algebras. In particular, H decomposes as the 
smash product above whenever k is perfect or H, is separable. 
Proof. Let i: H’ 4 H and j: Ho& H be the canonical inclusions. H, is cosepar- 
able by Theorem 2.2 above, and thus for any extension K of k we have by (4), 
K@,H,=(K@,H)o, and by Lemma 3.1 we have K@&H1=(KBkH)‘. If K=k 
(the algebraic closure) this is just Kostant’s theorem [9, Theorem 8.1.51, where the 
splitting map is the Hopf algebra cokernel of i in the sense of [4]. 
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So we define 7~ to be the cokernel of i, i.e., rc : H+ H/I(H’). We have the fol- 
lowing maps: 




Now when we extend scalars up to the algebraic closure K of k, we get that 
Z@ (7~ oj) = (I@ n) 0 (Zoj) : K& Ho + L is an isomorphism, where L is the Hopf 
algebra cokernel of Z@ i (by the proof of Kostant’s theorem). But we have shown 
in Lemma 3.2 above that LzKOE; (HII( and thus Z@ (rr oj) : KOk Ho-+ 
KOk (HII( is an isomorphism of Hopf algebras. It follows that rr oj: Ho -+ 
H/Z(H’) is an isomorphism of Hopf algebras. Let r= (n oj))lo TC. Then T is a 
Hopf algebra map which splits j. The theorem will follow from Theorem 4.1 of [4] 
once we show that the sequence H’ A H&Ho is exact. 
The map i is normal in the sense of [4] and by [4,(3.3)] we only need show that 
(H’, i) is the Hopf algebra kernel of 71. To do this we first show that i: H’ + H 
splits as a map of H’-modules. Note that if H’ is an irreducible comnonent of H 
with simple subcoalgebra C’, then by [9,8.0. lo], H’ OH’ is irreducible with simple 
subcoalgebra k& C’= C’. Since the multiplication mH of H is a coalgebra map we 
have mH(H1 0 H’) = H’ . H’ is irreducible [9,8.0.8] and clearly contains C’. Thus 
H’. H’ c H’, i.e., the irreducible components of H are H’-submodules of H. Since 
H is the direct sum of its irreducible components, the map i clearly splits as a map 
of H’-modules. 
Now by [4, (3.3.b)] and [9,16.0.3] (where the finite dimensionality was only used 
to get the splitting of the map corresponding to i above) (H’, i) is the Hopf algebra 
kernel of n, the sequence is split exact, and we are done. 0 
It is interesting to ask what structural features of Hopf algebras force the coradi- 
cal to be a sup Hopf algebra. In the finite dimensional case, it is equivalent to ask 
if the Jacobson radical of the dual is a Hopf ideal as one may easily show 
(H/J(H))*g (H*), and Ho= (H*/J(H*))*. 
Example 3.4. (Example 2.3, continued.) In the example above, let m be the ideal 
of g generated by Y. m is a restricted ideal of the Lie algebra g, with injective pth 
power map and hence by a well known theorem, K= Up(m) is a semisimple (Hopf) 
algebra, in fact a normal Hopf subalgebra of H= Q(g). Letting L = H/Z(K) we 
see L=k[X]/(Y-O,XP-tY)zk[X]/(XP). In fact, L= U,(Z) where I is the 
restricted Lie algebra k(X) with X lP1 =O. Thus L is local. Thus J(K) = (0), 
J(L) = L’, both of which are Hopf ideals, and we have an exact sequence k + K+ 
H+ L + k of (commutative and cocommutative!) Hopf algebras, with the Jacobson 
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radical of the center term not a Hopf ideal. Note that this exact sequence is induced 
by an exact sequence (0) + m + g --t I-+ (0) of restricted Lie algebras. The failure of 
this sequence to split corresponds to the failure of the sequence of the Hopf algebras 
to split, which is equivalent to the coradical of N* not being coseparable. 
4. Exact sequences 
Several authors have investigated conditions when a Hopf algebra is cosemi- 
simple. Radford has shown in [7] that a biproduct Hopf algebra is cosemisimple if 
and only if the terms of the biproduct are cosemisimple. Here we give a theorem 
relating the cosemisimplicity of the terms of an exact sequence of Hopf algebra (in 
the sense of [4]). 
Theorem 4.1. Let (*) KL H”- L be an exact sequence of Hopf algebras. Then 
H is cosemisimple if and only if K and L are cosemisimple. 
Proof. If H is cosemisimple then surely K is. By [S, (1.9)], so is L. (Note that in 
the proof of [8, (1.9)], only the normality condition is used, not commutativity.) For 
the other direction, we use the fact from above that cosemisimplicity is equivalent 
to the existence of invariant integrals in the dual not vanishing on the constants. 
Suppose that K and L are cosemisimple. Then there exist (right) invariant 
integrals A, E K* and AL EL* with (AK, lK) = lk = (AL, lL). For all h E H define 
RE H by h = C AL 0 z(hC,))hC2). 
Notice that if g, f E H* we have (using the standard action of the dual on a Hopf 
algebra, given by f -Ih = C h,,,<f, h&) 
(a> 0i.f > = <ALI nWh>> and 
(b) <f Jh, g> = (fJh; g>, 
the latter following since 
<f-‘h, g> = (AL, n(gJf’h)) = ML, z(gfJh)) = (6 gf > = <f Ah; g>. 
Now if f E H*, h E H, and g E L”, we have 
(n(fJQ,g) = (fJh; n*(g)> 
= (fi, z*(g)f > 
= (AL, n((n*(g)f) Jh)) 
= (AL, g’(n(f -Ih))) (because rc is a coalgebra map) 
= (A,, rc(fJh)Xg, I> (because A, is a right integral) 
= (AL, n(s ‘(f’h)))(g, 1~) 
= (fJh,c)(g, 1~) 
= u-J& EXg, lL.> (by (b)) 
= (E(fJfi). l,, g>. 
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Thus n(f-lfi)=&(fJh) for all heH, feH*. But H*Jh is the span of the hoj’s 
and thus we have (71 @I) 0 6(h) = 1 n(h;,,) 0 &, = C e(&i)) @ &, = 10 i?. It fol- 
lows from this that ha K = Hopf algebra kernel of the map 71. Thus we have a linear 
map (r : H-+ K, h - z that splits i : K+ H since ,4L o rc(k) = s(k) for all k E K. Addi- 
tionally, a is a left H*-module map by (b). 
Now define /1 E H* by l/1, h) = (AK, h> for h E H. Then for h E H and f E H* we 
have 




= UK, &<j*(f ), 1K) 
= (-4 h)(f, 1~). 
Thus A. f =ACJ lH) for all f E H* and so A is a right integral for H. It is clear 
from the definition of /1 that (/I, lH) = 1 so that H is cosemisimple by fact (6) 
above. 0 
It is useful to think of Hopf algebras as rings of functions on groups with addi- 
tional structure, even when the Hopf algebras in question are not commutative. This 
point of view motivated the above proof, which is a variation of a similar theorem 
concerning invariant means of groups (e.g., see [l, 17.141). 
Corollary 4.2. Let (w) K--r H+ L be an exact sequence of finite dimensional Hopf 
algebras. H is semisimple as an algebra if and only if K, L are semisimple algebras. 
Proof. By finite dimensionality, (**) is exact if and only if the induced sequence 
(***) L* --t H* + K* is exact; also a finite dimensional Hopf algebra is semisimple 
if and only if its dual is cosemisimple. Thus the theorem above applies, by 
duality. 0 
The exactness of the sequence (*) in Theorem 4.1 above gives conditions relating 
the cosemisimplicity of H and that of K, L. However the property of the coradical 
being a sub Hopf algebra is less well behaved with respect to exact sequences; Ex- 
ample 3.4 above shows that the coradical of K, L may be sub Hopf algebras yet the 
coradical of H may fail to be. The next theorem illustrates what can be said in this 
situation. First we need a definition. 
Definition. Let H be a Hopf algebra. We let H, denote the sub Hopf algebra of H 
generated by the coradical HO (i.e., the smallest sub Hopf algebra containing HO). 
We say H is reductive if H,.= H (i.e., the largest reductive sub Hopf algebra of H 
is H itself). 
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This term is motivated by the fact that in the theory of commutative Hopf alge- 
bras, where the Hopf algebras arise as coordinate rings of algebraic groups, reduc- 
tive Hopf algebras correspond to reductive algebraic groups. We make no use of this 
correspondence here, as we make no commutativity assumptions for our Hopf 
algebras in the next theorem. Note that Ho is a sub Hopf algebra if and only if 
H,=H,. 
Theorem 4.3. Let (*) KA HA L be an exact sequence of Hopf algebras. We 
have the following: 
(a) If HO is a sub Hopf algebra of H then KO and LO are sub Hopf algebras of 
K, L respectively. 
(b) If K, and LO are sub Hopf algebras of K, L, respectively, and if K, = H, n K 
and n(H,& c LO, then HO is a sub Hopf algebra of H. 
Proof. For (a) we note that exactness of(*) implies that i is injective and rc is surjec- 
tive. Thus identifying K with its image in H, K, = Kfl HO and hence K, is a sub 
Hopf algebra of K. Further, by fact (7) above, z(HO) 2 LO. But by [S, (1.9)] n(Ho) 
is cosemisimple, and thus LO equals the image of the Hopf algebra HO under the 
Hopf algebra map rc and is thus a sub Hopf algebra of L. 
For (b) we note that restricting i and IC, we get a sequence of maps (**) 
K, -J-+ H,& LO where LO = rZ(H,) by assumption and fact (7). By Theorem 4.1 
above, we will be done if we can show the induced sequence is exact, as then the 
Hopf algebra H, will be cosemisimple, hence equal to HO. 
Now L, is cosemisimple, hence the map 75 has a comodule splitting j: LO --f H, 
with 75 o j = IL,,. Thus by [10,(4.4)] and [4,(3.3)], if we denote by KER(ii) the Hopf 
algebra kernel of r?, then we have KER(C)+H,.= ker(;rr) whence (LO, 5) is the Hopf 
algebra cokernel of the natural inclusion of KER(ti) in H,. On the other hand, 
from the results of [4] it is easy to see that KER(T?) = H, n KER(rc) = H, fl K. But by 
assumption, H,.n K=K,, so K,=KER(E), the sequence is exact and we are 
done. 0 
The extra assumptions in part (b) of the theorem are necessary to ensure that the 
coradical HO of H sits inside H nicely enough so that Theorem 4.1 may be applied. 
As the example above shows, these conditions may fail. In general it is not even the 
case that the image of the coradical under a conormal Hopf algebra map is con- 
tained in the coradical of the image. 
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